The Boltzmann equation for transport in semiconductors is projected onto spherical harmonics in such a way that the resultant balance equations for the coefficients of the distribution function times the generalized density of states can be discretized over energy and real space by box integration. This ensures exact current continuity for the discrete equations. Spurious oscillations of the distribution function are successfully suppressed by stabilization based on a maximum entropy dissipation principle avoiding the H-transformation. The derived formulation can be used on arbitrary grids as long as box integration is possible. The new approach works not only with analytical bands but also with full-band structures in the case of holes. Results are presented for holes in bulk silicon based on a full band structure and electrons in a Si NPN BJT. For the first time the convergence of the spherical harmonics expansion is shown for a device and it is found that the quasiballistic transport in nanoscale devices requires an expansion of considerably higher order than the usual first one. The stability of the discretization is demonstrated for a range of grid spacings in the real space and bias points which produce huge gradients in the electron density and electric field. It is shown that the resultant large linear system of equations can be solved memory efficiently by the numerically robust package ILUPACK.
I. INTRODUCTION
In the nanometric devices of modern integrated circuits, transport can be no longer described accurately by the drift-diffusion (DD) or hydrodynamic (HD) models, which fail even in the linear regime, 1-3 and the semiclassical Boltzmann equation (BE) has to be solved. 4, 5 On the other hand, the usual approach for solving the BE, the Monte Carlo (MC) method, has, due to its stochastic nature, many disadvantages compared to the nonstochastic solvers for the macroscopic models. For example, small currents entail excessive CPU times and small-signal analysis is exceedingly difficult. 6 Therefore, nonstochastic solvers for the BE have been developed, and among the first methods was the spherical harmonics expansion (SHE) (e.g.: Ref. 7) . Later this method was extended to the case of devices, [8] [9] [10] small-signal analysis, 11 noise, 12,13 some full band (FB) effects (FB density of states (DOS) and average FB group velocity), 14 and certain quantum effects. 15 Especially in the case of small-signal analysis and noise, SHE has numerous advantages over the MC method. In order to realize the potential of SHE, stable, general, and efficient numerical methods are required. The main objectives of this work are therefore:
1. A spherical harmonics expansion methodology of arbitrary order for general band structures including FB.
2. A discretization which ensures exact current continuity for arbitrary grids without explicitly introducing it by artificial constrains.
3. A stabilization scheme to suppress spurious oscillations in the distribution function.
These points have been addressed in the literature to a certain degree. Inherently particle number conserving schemes based on box integration were presented for simple analytical band structures. 10, 16 We will present a unified approach in the next section, which can handle arbitrary grids on which box integration is possible in conjunction with analytical and FB structures for which the energy wave vector relation can be inverted. 17 In contrast to Ref. 14, where only the DOS and average group velocity were evaluated by FB calculations and an otherwise isotropic model was used, we will consider the full anisotropy of the FB structure.
Without stabilization 51 simulation of realistic semiconductor devices is not possible and an upwind discretization, 16 a so-called Scharfetter-Gummel-type approach 18 and schemes based on maximum entropy dissipation [19] [20] [21] have been proposed. In this work the stabilization is based on a maximum entropy dissipation scheme (MEDS), because, in contrast to certain other approaches, MEDS has a sound physical and mathematical basis and can be applied without problems to higher order expansions and general grids. MEDS has been applied before to the case where the energy dependence of the distribution function is resolved by an expansion with polynomials. [19] [20] [21] [22] We apply it for the first time to the case where the energy is discretized with a grid.
Results are presented in the third section for electrons in a nanoscale NPN BJT based on the transport model of the Modena group. 23 The focus of the investigation is on the numerical properties and transport at low and medium energies. It is shown that the new approach can handle variations of many orders of magnitude in the particle density and steep gradients in the electric field without the occurrence of oscillations. The stabilizing property of MEDS is demonstrated. The accuracy of the discretized BE is investigated with respect to the grid spacing in the real space and number of spherical harmonics. Since previous investigations for devices were limited to expansions upto the first 10, 24 or third 16 order, convergence of SHE is shown for devices for the first time by expansions upto much higher order. In the fourth section first results are shown for FB holes in relaxed silicon and it is demonstrated by comparison with FB Monte Carlo simulations that SHE can handle FB structures. A disadvantage of SHE is the large system of equations resulting from the discretization of the BE which can lead to excessive memory requirements. In the fifth section it is briefly shown how to handle the huge number of unknowns in a memory and CPU efficient way.
II. THEORY
In the framework of semiclassical transport theory the spatiotemporal evolution of a particle gas is described by the BE 25 (some indices and arguments are here and in the following suppressed to increase the legibility of the equations)
where f ν (r, k, t) is the distribution function, t the time variable, r the position in real space, k the wave vector, ν the index of the νth valley or band, andŜ{f } the linear single-particle
The box integration method allows to discretize partial differential equations based on densities and fluxes in a charge conserving way. 27 The key to the box integration method is that densities and fluxes are defined on dual meshes, i.e. densities are defined as integral quantities at the centers of boxes, whereas fluxes are defined on the edges, or surfaces, of the boxes. We note that, in the case that the band energy ε ν (k) is an even function,
, macroscopic quantities, such as particle density and temperature are given by moments of the even part of f , while macroscopic fluxes, such as current densities are given by moments of the odd part of f . Correspondingly, we split f into its even and odd
For both parts a BE can be formulated
The drift operator couples only the even and odd parts but not the even with even or the odd with the odd part. The BE for the even part is the continuity equation for the densities.
The corresponding drift operator has to be formulated as a divergence of the fluxes in order to be able to use the box integration method. 10 Before this is done, the BE is projected onto spherical harmonics.
The distribution function is expanded with spherical harmonics Y l,m (ϑ, ϕ). The spherical harmonics are orthogonal, real valued and normalized
for l = 0, · · · , ∞ and m = −l, · · · , l. Ω is the solid angle and dΩ = sin ϑdϑdϕ. The zero order spherical harmonic is a constant (Y 0,0 (ϑ, ϕ) = 1/ √ 4π). Details of the spherical harmonics can be found in Ref. 28 .
Before the dependence of the distribution function on the angles can be expanded with spherical harmonics, it has to be decided whether the distribution function is expanded for constant energy or constant modulus of the wave vector. An expansion of the distribution function on equienergy surfaces has many advantages over an expansion with respect to the modulus of the wave vector. E.g. at equilibrium the distribution function f is isotropic on equienergy surfaces. In many scattering models the scattering rate is a function of energy and the energy transfer during scattering is also constant. Thus, the scattering integral can be easily formulated on equienergy surfaces. In addition, if a magnetic force is included in the BE, this formulation ensures that the magnetic force does not spuriously produce energy. In order to expand the distribution function on equienergy surfaces, a coordinate transformation is required and the following mapping of the spherical coordinates of the k
In the energy space the equienergy surfaces are spheres 52 and the angles are the same as in the k space. This is only possible as long as the mapping is unique in both directions.
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For example, in the case of an FB structure for holes in unstrained silicon 29 this is possible up to an energy of about 1.27eV. The corresponding first conduction band on the other hand touches the surface of the Brillouin zone already at 0.13eV, which is too low a cutoff energy for useful simulations. Due to the definition of the coordinate transformation (9) the expansion of the distribution function on equienergy surfaces can be written as
The generalized DOS Z for one spin direction 53 is proportional to the Jacobian of the coordinate transformation
Equation (10) implies for the generalized energy distribution function (EDF)
A macroscopic density x reads with the EDF
Expansion of the microscopic quantity
where here and in the following the Einstein convention of implicitly summing over pairs of identical indices is used for the indices of the spherical harmonics (not ν). The particle density, for example, with X = 1 is given by
Thus, due to the definition of the EDF its (0, 0) component carries the charge in contrast to f , where in the anisotropic case also terms of higher order contribute to the charge.
The BE (1) is expanded in the same way as the distribution function
The first term on the LHS of Eq. (1) yields
The first part of the drift term (4) is rearranged with integration by parts
with
and
where e ϑ and e ϕ are the unit vectors of the spherical coordinate system for the ϑ and ϕ direction, respectively. The (0,0) component of the generalized current density j ν l,m (r, ε, t) yields by definition the particle current density
The second part of the drift term (also called diffusion term) evaluates to
The RHS of the BE will be treated in detail later. The resultant system of coupled balance equations reads now
The derivatives in the drift operator can be combined to yield a divergence
As stated above, the even part of the distribution function f yields the density. Since the generalized DOS is an even function of the wave vector, the even part of g corresponds to f e and the odd part to f o . Thus, the drift operator should only couple the odd part of g into the even one and vice versa. After SHE the even part of g is given by
and contains only even spherical harmonics. The odd part contains only odd harmonics
The drift operator contains two quantities, j l,m and Γ l,m , which depend on g. Inserting the expansion of g into j l,m and Γ l,m yields
Since the velocity is an odd function, v l,m,l ,m couples only even harmonics to odd ones. The same holds for Γ l,m,l ,m due to the derivatives with respect to the angles and because k is an even function
Therefore, the odd/even property of the drift operator is conserved and the box integration method can be used to discretize Eq. (27) for even l.
The current continuity equation is obtained by integrating the BE over the k space and summation over all bands or valleys. Because of Eqs. (16) and (22) this corresponds to integration of Eq. (27) over energy and summation over ν for l = m = 0
The term containing Γ does not occur, because Γ 0,0,l ,m vanishes for all l , m due to
Moreover, it has been assumed that the scattering integral conserves the particle number. The integral of ∂F νT j ν 0,0 /∂ε over energy yields exactly zero, because j ν 0,0 vanishes at zero and infinite energy.
10,16 Therefore, Eq. (35) reduces to the continuity equation
and if Eq. (27) is discretized for even l with the box integration method, the discrete system of equations will conserve the particle density exactly. Thus, we have extended the approach of Refs. 10,16 to the case of more general band structures and arbitrary order of SHE.
MEDS is used to discretize the balance equations for odd l. [19] [20] [21] To this end the BE (1) is multiplied with
where k B T 0 is the thermal energy at equilibrium. Since any function that depends only on the Hamilton function h can be moved inside the Poisson brackets
the BE can be cast into the following form
The corresponding balance equations for odd l are given by
They can be discretized using the box integration method or finite differences.
For box integration a special grid is required. 30 In Fig. 1 an example is shown. The box G i v of node i v contains all points which are closest to this grid node. The nodes of the adjoint grid are given by the nodes on the surface of the box. In Fig. 1 the nodes of the direct grid are given by the points where the solid lines terminate. On these nodes the even harmonics are defined. The endpoints of the dashed lines are the nodes of the adjoint grid, on which the odd harmonics are defined. In the same way as for the direct grid, boxes can be defined for the adjoint grid. To unify the treatment of the balance equations for even and odd l, H is also defined for even l
The balance equations are integrated over the four-dimensional volume of each box G i v where the integral over the divergence is changed to a surface integral with Gauss' law
∂G i v is the surface of the box andξ is a position vector in the four-dimensional energy/real space.
In order to obtain a Scharfetter-Gummel-type stabilization, 31 it is assumed firstly that g, j, and Γ are constant within a box and given by the value on the node of that box (g on the direct grid and j, Γ on the adjoint grid). Secondly, it is assumed that the function H depends on the coordinates and the quasistatic potential is interpolated linearly between the nodes of the direct grid. 20 Otherwise, the resultant integrals of H are evaluated exactly and abbreviated by
The last integral extends over the overlap of G i v and G j s (the dark shaded area in Fig. 1) and the surface integral over that part of the surface of G i v which lies in G j s . This yields for the balance equations
where the equation has been divided by HV i v l . The sum in Eq. (46) extends over all surface nodesξ j s which lie on ∂G i v . With this method the BE can be discretized on arbitrary grids on which box integration is possible and current continuity is guaranteed by virtue of construction.
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For a 1D real and energy space the direct grid can be defined as a Cartesian tensor product grid (x i , ε j ) with n x grid nodes in x direction and n ε in energy. The adjoint grid is
given by
on which the potential is linearly interpolated
Similar expressions can be obtained for the three other surface nodes. Division of Eq. (50) by Eq. (49) yields for all four surface nodes j s = (i , j ) = (i + 1 2
and the Bernoulli function
The surface integral (44) has an ε component
and an x component
These reduce to
and 
and HA
If (i, j) is a grid point on the surface of the direct grid, the volume of the box in Eqs. (58)- (60) has to be reduced accordingly (i.e. replacing x i+1 − x i−1 by x i+1 − x i or x i − x i−1 and similarly for the energy).
The boundary conditions for the balance equations are defined on the direct grid. Boxes contain only points which lie within the direct grid. All quantities defined on the adjoint grid, which would lie outside of the direct grid, are not considered. This corresponds to vonNeumann-type boundary conditions. The scattering integral is formulated in such a way that scattering with final energies outside of the direct grid is suppressed. Ohmic contacts are modeled by a generation/recombination process with the rate
τ 0 is the recombination time and f eq the equilibrium distribution function (MaxwellBoltzmann distribution) normalized to the particle density on the contact. The recombination rate is applied for even l on grid nodes of the direct grid, which belong to the contacts.
The Poisson equation (PE) for the quasistatic potential has to be solved self-consistently with the BE
where is the dielectric constant and Dot the doping concentration times the electron charge.
The PE is also discretized with the box integration method. The potentials are defined on the nodes of the direct grid and are linearly interpolated on the grid lines between nodes.
The usual boundary conditions are used for the potential (Dirichlet type on contacts and von Neumann on the other parts of the device surface).
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Due to the stabilization scheme and the electric field in the drift term the BE is nonlinear and coupled to the PE. The coupled BE and PE are solved simultaneously by the NewtonRaphson method. The equations are built for even and odd l, where the odd equations are subsequently eliminated by a pre-solver. The resultant sparse system of linear equations is solved with ILUPACK, a very CPU and especially memory efficient sparse matrix solver.
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The band structure has a strong impact on v l,m,l ,m and Γ l,m,l ,m . In the case of the silicon electron model developed by the Modena group 5,23 these expressions can be greatly simplified. After application of the Herring-Vogt transform to the BE 33 they read
where the asterisk indicates a Herring-Vogt transformed variable and e ε is the unit vector in radial direction for spherical coordinates. In the case of this analytical band structure it is possible to separate completely the energy dependence from the dependence on the harmonics. This is not possible in the case of an FB structure. In this case the group velocity and the inverse of the modulus of the wave vector are expanded into spherical harmonics with Eq. (14)
These expansions are inserted into Eqs. 
The integrals in Eqs. (64), (66), (70), and (72) can be easily evaluated by computer algebra methods for arbitrary indices.
The scattering integral contains the transition rate which is given with Fermi's golden rule by 5,25
where it for the sake of simplicity has been assumed that the energy transfer ω η does not depend on the initial and final wave vector. The minus sign stands for absorption and the plus for emission. The index η is used to label the different types of scattering processes (e.g.: impurity scattering, acoustic and optical phonon scattering etc.). Before the scattering integral is projected onto spherical harmonics, it is splitted into an in-scattering term
and out-scattering term
Projection of the in-scattering term yieldŝ
The out-scattering term evaluates tô
The transition rate is often approximated as velocity randomizing 5,6,34
Since the transition rate depends only on the wave vectors via the energies, it does no longer depend on the angles. This simplifies greatly the expressions for in
and out scattering
In the case of the analytical electron band structure the DOS does not depend on the angles.
Thus, the in-scattering term couples only g 0,0 into the balance equation for l = m = 0. The out-scattering term reduces to the scattering rate times g l,m . A detailed discussion of the scattering integral for an analytical electron band structure can be found in Ref. 24 , which also covers anisotropic impurity scattering. The given expressions can be directly applied to the Modena model as shown by Goldsman 33 and are not repeated here.
III. RESULTS FOR ELECTRONS IN A SI NPN BJT
Results are presented for a 1D NPN Si BJT, which is discretized on an equidistant grid in energy and 1D real space. Electrons are simulated with the Modena model which is based on an analytical band structure with six nonparabolic and ellipsoidal valleys. is not possible because of too large CPU times. 6 In Fig. 3 the collector current versus base bias is shown together with DD results, and SHE is able to simulate the collector current without any problems over a range of seven orders of magnitude and more, where the CPU time is almost independent of the collector current. Corresponding electron densites are shown in Fig. 4 and very low and very high densities pose no problem at all. Even very strong gradients in the electron density can be handled. Thus, stable solutions can be obtained without relying on the H-transformation. 9 In contrast to the MC method, which is inherently transient, SHE yields solutions, which are exactly stationary. This is important in cases, where the relaxation of the device towards the stationary state is slow. In the case of the BJT the transit time is inversely proportional to the collector current below high injection and reaching the stationary state with a transient method at low base bias entails excessive CPU times.
The electron distribution function g 0,0 is shown in Fig. 5 for the valleys on the principal axis in k space parallel to the x axis. The distribution function is simulated over many orders of magnitude. No artificial oscillations occur, which are typical if no stabilization scheme is used (see also discussion in Ref. 16 ). In Fig. 6 the distribution function is shown calculated with and without MEDS. The oscillations are clearly visible even at low energies.
Thus, no useful solutions can be obtained for this bias point without stabilization. varies over the device. At high current levels the error is quite small. For a base bias of 0.95V the variation is less than one percent (Fig. 7) and the difference in electron density between both schemes is negligible. At low base bias (0.55V) the differences in the electron density are also negligible and in the low density region the current density calculated without exact current continuity is almost constant and similar to the other one. But in the high density regions the current density varies by many orders of magnitude (Fig. 8 ), if exact current continuity is not ensured by the discretization. In this case it is only possible to achieve current continuity by introducing it artificially as an additional constrain. 18 But this leads to unphysical generation/recombination rates or modifications of the distribution function depending on how the constrain is implemented. This can be avoided by simply multiplying the BE with the generalized DOS before box integration. 10, 16 Moreover, further comparison of results with and without exact current continuity showed no detrimental effects of the multiplication with the generalized DOS.
In Ref. 16 it has been shown by SHE of the third order that the usual first order expansion is not sufficient for small devices. Therefore, the convergence of SHE is investigated by simulations with different maximum order. The error in collector current decreases exponentially with the maximum order and an expansion up to the fifth order yields an error which is less than 1.6% (Fig. 9) . The corresponding electron velocity profiles are shown in Fig. 10 and the convergence is again clearly visible. The quasiballistic transport with a velocity overshoot of more than 60% requires an expansion beyond the first or third order.
It is worth noting that the appearance of non-negligible higher order harmonics is due to the large and rapidly varying built-in fields and happens already in the linear regime. the velocity shows a stronger dependence (Fig. 11) . With respect to the terminal current behavior this does not matter, but quantities like the cutoff frequency 39, 40 are strongly influenced by the velocity profile. Nevertheless, a rather coarse grid with a spacing of 2.5nm seems to be sufficient.
In order to show that the discretization is also stable under rather extreme conditions, simulations have been performed at a collector bias of 3V. In this case the electric field changes by 500kV/cm over less than 50nm and the electron temperature varies rapidly (Fig. 12) . In addition, a nonequidistant grid has been used, where the spacing in the real space varies from 1 to 10nm. This reduces the number of nodes in the real space from 251 to 82. In spite of this, no problems occur in the simulations and the distribution function shows no spurious oscillations (Fig. 13) . The stability of the discretization seems to be similar to the one of the DD or HD model.
IV. BULK RESULTS FOR FB HOLES
In this section a few results are presented for FB holes under homogeneous bulk conditions. A detailed analysis will be published elsewhere. Under homogeneous bulk conditions the discrete BE is already stable without MEDS and no stabilization scheme is used in the the distribution function is given by
where τ is the microscopic relaxation time and E the electric field. 6, 44, 45 Thus, the linear response of the distribution function is proportional to the group velocity, of which the SHE (67) contains odd harmonics of higher order than one in the case of an FB structure.
Therefore, simulations were performed with an l max much higher than one or three resulting in upto (l max + 1) 2 nonzero harmonics depending on the direction of the electric field. The strong anisotropy is reflected in the heavy hole EDF, which is shown in Fig. 15 for an electric field in [110] direction and l max = 20. The rather large value of l max is chosen to resolve the strong angular dependence. For the calculation of averages (e.g. drift velocity) such a high number of harmonics is not necessary. In Fig. 16 the drift velocity evaluated by SHE is shown together with consistent FB-MC results 6 and good agreement is obtained between both methods for l max = 13. In Fig. 17 the sum of the EDF over all bands ( √ 4π ν g ν 0,0 (ε)) is shown together with MC results. Good agreement between SHE and MC is obtained upto 100kV/cm. Above this value the cutoff energy at about 1.2eV has a detrimental effect and simulation of higher electric fields requires a new method to include higher energies in SHE.
Otherwise, these results clearly show that SHE can handle FB structures. We would like to point out that SHE, if properly applied, provides an exact solution of the full BE and is not inferior to the MC method.
V. PERFORMANCE OF THE LINEAR SOLVER
In the case of the 5th order expansion and 251 nodes in the real space and 140 in energy the linear system of equations of the Newton-Raphson iteration has after elimination of the equations for odd l 211091 unknowns but only 6032893 nonzero entries in its matrix.
Thus the matrix is extremely sparse and in order to avoid excessive fill-in, a preconditioned iterative solver is used. Here we use the GMRES method 46 as iterative solver and restart it every 30th step. The performance of an iterative solver extremely depends on the design of the preconditioner P that approximates the original system A. In the ideal case one would obtain AP −1 = I + E for a matrix E of small norm E < 1. In this case it is known 47 that the numerical approximation x (k) of Ax = b after k GMRES iteration steps satisfies
Here we use a multilevel incomplete LU decomposition 32 of the given matrix as preconditioner. Small entries in magnitude are being dropped if they are below a given threshold. 48 In addition, the growth of L −1 and U −1 is controlled by an adaptive pivoting strategy. While the control on the growth of the inverse triangular factors is used to substantially improve the robustness of the factorization, the choice of the drop tolerance drives the efficiency of the preconditioner. A larger drop tolerance results in a smaller number of fill-ins and the preconditioner requires less memory. This kind of preconditioning, on the other hand, degrades with increasing drop tolerance. For larger drop tolerances the approximate LU decomposition becomes too rough and the iterative solver will not converge anymore.
For our example, when the drop tolerance exceeds 0.1, the iterative solver does not converge within 500 iterations, which we consider as failure. With increasing drop tolerance the CPU time for the decomposition decreases whereas the iterative solver requires more steps and more time. The total CPU time is minimal for a drop tolerance of about 0.05 for which the number of fill-ins is 4.4 times the number of nonzeros in the given matrix and the memory requirement is approximately 500 MBytes. The accuracy of the solution is close to machine precision and the Newton-Raphson method converges over more than ten orders of magnitude.
VI. CONCLUSIONS
We have presented a new generalized derivation of balance equations from the BE by SHE which can handle FB structures, at least in the case of holes. Current continuity is ensured by box integration and spurious oscillations are suppressed by MEDS. It is shown that the discretization is rather robust and remains stable under the adverse conditions found in nanoscale devices. This allows to avoid the H-transformation which makes it almost impossible to obtain a self-consistent solution of the BE and PE by the Newton-Rhapson method, which is a prerequisite for small-, large-signal analysis, and noise calculations. The convergence of SHE has been demonstrated and if a sufficient number of harmonics is used, SHE yields a solution of the full BE similar to MC. The necessary order of SHE is found to increase with decreasing device size as the transport becomes more and more ballistic. It has been demonstrated how to solve the resultant large system of equations in a memory and CPU efficient way by ILUPACK. Compared to the MC method, SHE has all the advantages of the macroscopic transport models (e.g. DD or HD model) and can handle small currents, huge variations in the particle density, ac analysis etc. In contrast to the inherently transient MC method, SHE can yield exactly stationary solutions.
therefore for the case that it does not depend on the angles by a factor of 4π smaller than the conventional expression.
54 Equation (46) can be also derived for f instead of g by neglecting the delta function in Eq. (17) and integrating only over the solid angle, but the resultant system of equations does not conserve the particle charge exactly. Due to box integration a certain density defined with f will be conserved exactly, but because the generalized DOS is missing, this density does not correspond to the particle density.
55 This stabilization scheme should not be confused with the so-called Scharfetter-Gummel scheme presented in Ref. 18 , which was derived by enforcing continuity in the real space for the homogeneous part of the balance equation for l=m=0 and which can be applied only to a first order expansion. In contrast to Ref. 18 in our approach current continuity is ensured by box integration and the Scharfetter-Gummel scheme is used to stabilize the equations similar to the case of the DD model. 31 
